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We find that various results of current algebra at tree
level and beyond can be directly obtained from a master for-
mula, without use of chiral perturbation theory or effective
Lagrangians. Application is made to pipi scattering, where it
is shown that the bulk of the ρ contribution can be determined
in a model independent way.
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Consider an action whose kinetic part is invariant un-
der chiral SUL(2)× SUR(2) with a scalar-isoscalar mass
term in the (2, 2) representation. Examples are two fla-
vor QCD or sigma models. The symmetry properties of
the theory may be expressed by gauging the kinetic part
with c-number external fields vaµ and a
a
µ, and extending
the mass term to include couplings with scalar and pseu-
doscalar fields s and pa. For two-flavor QCD, the relevant
part of the action reads
I = +
∫
d4xqγµ
(
i∂µ +Gµ + v
a
µ
τa
2
+ aaµ
τa
2
γ5
)
q
−
mˆ
m2pi
∫
d4xq
(
m2pi + s− iγ5τ
apa
)
q (1)
where mpi is the pion mass. We will assume that φ =
(vaµ, a
a
µ, s, p
a) are smooth functions that fall off rapidly
at infinity.
Currents and densities O = (V,A, fpiσ, fpiπ) may be
introduced as
O(x) =
δI
δφ(x)
(2)
which obey the Veltman-Bell equations [1]
∇µVµ + a
¯
µAµ + fpip
¯
π = 0 (3)
∇µAµ + a
¯
µVµ − fpi(m
2
pi + s)π + fpip σ = 0 (4)
where ∇µ = ∂µ1 + v
¯
µ is the vector covariant deriva-
tive, a
¯
ac
µ = ǫ
abcabµ, p
¯
ac = ǫabcpb, and fpi is the pion de-
cay constant. In the above, we have used the fact that
the Bardeen anomaly [2] and the Wess-Zumino term [3]
vanish for SUL(2) × SUR(2). Introducing the extended
S-matrix S, holding the incoming fields fixed, and using
the Schwinger action principle [4] imply
< β in|δS|α in >= i < β in|SδI|α in > . (5)
This result together with asymptotic completeness, yield
the Peierls-Dyson formula [5]
O(x) = −iS†
δS
δφ(x)
. (6)
It follows from the Veltman-Bell equations (3-4) that
(
∇acµ
δ
δvcµ(x)
+ a
¯
ac
µ (x)
δ
δacµ(x)
+ p
¯
ac(x)
δ
δpc(x)
)
S =
(
XaV (x) + p
¯
ac(x)
δ
δpc(x)
)
S = 0 (7)
(
∇acµ
δ
δacµ(x)
+ a
¯
ac
µ (x)
δ
δvcµ(x)
−(m2pi + s(x))
δ
δpa(x)
+ pa(x)
δ
δs(x)
)
S =
(
XaA(x) − (m
2
pi + s(x))
δ
δpa(x)
+ pa(x)
δ
δs(x)
)
S = 0
(8)
where XV and XA are the generators of local SUL(2)×
SUR(2).
We further require
< 0|Aaµ(x)|π
b(p) >= ifpiδ
abpµ e
−ip·x . (9)
In the absence of stable axial vector or other pseudoscalar
mesons, this is equivalent to the asymptotic conditions
(x0 → ∓∞)
Aaµ(x)→ −fpi∂µπ
a
in,out(x)
and
∂µAaµ(x)→ +fpim
2
piπ
a
in,out(x) (10)
where πin and πout are free incoming and outgoing pion
fields. Comparison of (10) with (4) shows that π is a
normalized interpolating field.
To incorporate (10) into (7-8) we introduce a modified
action
Iˆ = I− f2pi
∫
d4x
(
s(x) +
1
2
aµ(x) · aµ(x)
)
, (11)
the corresponding extended S-matrix
Sˆ = S exp
(
−if2pi
∫
d4x
(
s(x) +
1
2
aµ(x) · aµ(x)
))
, (12)
1
and a change of variable p = J/fpi −∇
µaµ. Taking φˆ =
(vaµ, a
a
µ, s, J
a) as independent variables, modified currents
and densities Oˆ = (jV , jA, fpiσˆ, πˆ) may be defined as
Oˆ(x) =
δIˆ
δφˆ
= −iSˆ†
δSˆ
δφˆ
. (13)
The chain rule yields
Vaµ(x) = j
a
V µ(x) + fpia¯
ac
µ (x)πˆ
c(x)
Aaµ(x) = j
a
Aµ(x) + f
2
pia
a
µ(x) − fpi(∇µπˆ)
a(x)
σ(x) = σˆ(x) + fpi
πa(x) = πˆa(x) (14)
Substitution into (3) gives
∇µjV µ + a
¯
µjAµ + J
¯
π = 0 (15)
and therefore (
XV + J
¯
δ
δJ
)
Sˆ = 0 . (16)
On the other hand, substitution into (4) gives
∇µjAµ + a
¯
µjV µ =
−f2pi∇
µaµ + fpi∇
µ∇µπ
−fpia
¯
µa
¯µ
π + fpi(m
2
pi + s)π
−(J − fpi∇
µaµ)(σˆ + fpi) . (17)
This equation may be integrated by introducing the re-
tarded and advanced Green’s functions(
−✷−m2pi −K
)
GR,A = 1 (18)
K = 2v
¯
µ∂µ + (∂
µv
¯µ
) + v
¯
µv
¯µ
− a
¯
µa
¯µ
+ s (19)
where we have adopted a condensed matrix notation. We
have the Yang-Feldman-Kallen type-equations [6]
π =
(
1 +GRK
)
πin −GRJ +GR
(
∇µaµ − J/fpi
)
σˆ
−
1
fpi
GR
(
∇µjAµ + a
¯
µjV µ
)
=
(
1 +GAK
)
πout −GAJ +GA
(
∇µaµ − J/fpi
)
σˆ
−
1
fpi
GA
(
∇µjAµ + a
¯
µjV µ
)
. (20)
Noting that πout = Sˆ
†πinSˆ, and using (13) we arrive at
δ
δJ
Sˆ = −iGRJ Sˆ + iSˆ
(
1 +GRK
)
πin
+
1
fpi
GR
(
∇µaµ − J/fpi
)
δSˆ
δs
−
1
fpi
GRXASˆ
= −iGAJ Sˆ + i
(
1 +GAK
)
πinSˆ
+
1
fpi
GA
(
∇µaµ − J/fpi
)
δSˆ
δs
−
1
fpi
GAXASˆ . (21)
Evidently, any result which is a consequence of (10)
and symmetry (7-8) must be contained in (16,21). Since
(16) simply represents local isospin invariance, the non-
trivial results of current algebra must be basically con-
tained in (21).
To show that this is the case and that (21) is the desired
master formula, we note that
GR,A = ∆R,A +∆R,AKGR,A
= ∆R,A +GR,AK∆R,A (22)
where ∆R,A are the Green’s functions for free fields. Mul-
tiplying (21) by (1 + GAK)
−1 = 1 − ∆AK and Fourier
decomposing yield
[
aain(k), Sˆ
]
=
∫
d4yd4zeik·y
(
1 +KGR
)ac
(y, z)
×
(
− iSˆ(Kπin)
c(z) + iSˆJc(z)
−
1
fpi
(
∇µaµ − J/fpi
)c
(z)
δSˆ
δs(z)
+
1
fpi
XcA(z)Sˆ
)
(23)
[
Sˆ, aa †in (k)
]
=
∫
d4yd4ze−ik·y
(
1 +KGR
)ac
(y, z)
×
(
− iSˆ(Kπin)
c(z) + iSˆJc(z)Sˆ
−
1
fpi
(
∇µaµ − J/fpi
)c
(z)
δSˆ
δs(z)
+
1
fpi
XcA(z)Sˆ
)
(24)
where aain(k) and a
a†
in (k) are the annihilation and cre-
ation operators of incoming pions with momentum k and
isospin a. Iterations give the two and higher pion reduc-
tion formulas, e.g. to order O(φ)
[
abin(k2),
[
Sˆ, aa†in (k1)
]]
=
∫
d4ye−ik1·y
1
fpi
XaA(y)
[
abin(k2), Sˆ
]
. (25)
The Bogoliubov causality condition [7] implies that
T ∗
(
Oˆ(x1)....Oˆ(xn)
)
= (−i)nSˆ†
δn
δφˆ(x1)...δφˆ(xn)
Sˆ . (26)
With this in mind, using (23-25), sandwiching between
nucleon states and switching off the external fields, give
the familiar πN scattering formula
2
< N(p2)|
[
abin(k2),
[
S, aa†in (k1)
]]
|N(p1) >=
−
i
fpi
m2piδ
ab
∫
d4ye−i(k1−k2)·y < N(p2)|σˆ(y)|N(p1) >
−
1
f2pi
kα1 k
β
2
∫
d4y1d
4y2e
−ik1·y1+ik2·y1
× < N(p2)|T
∗
(
jaAα(y1)j
b
Aβ(y2)
)
|N(p1) >
+
1
f2pi
kα1
∫
d4ye−i(k1−k2)·yǫabe < N(p2)|V
e
α(y)|N(p1) >
(27)
where S = Sˆ|φ=0 is the on-shell S-matrix. The discon-
nected part in (27) can be checked to cancel. At thresh-
old, (27) yields the Tomozawa-Weinberg relation [8].
The extension to ππ scattering is straightforward in
principle, although lengthy in practice. We find that the
transition amplitude iT (p2d, k2b← k1a, p1c) is a sum of
four contributions
iTtree =
i
f2pi
(
s−m2pi
)
δacδbd + 2 perm. (28)
iTrho =
i
f2pi
ǫabeǫcde
(
FV (t)− 1−
t
4f2pi
ΠV (t)
)
+ 2 perm. (29)
iTsigma = −
2im2pi
fpi
δabδcd
(
FS(t) +
1
fpi
−
1
2f2pi
< 0|σˆ|0 >
)
+
m4pi
f2pi
δabδcd
∫
d4ye−i(k1−k2)·y
× < 0|T ∗
(
σˆ(y)σˆ(0)
)
|0 >conn. + 2 perm. (30)
iTrest = +
1
f4pi
kα1 k
β
2 p
γ
1p
δ
2
×
∫
d4y1d
4y2d
4y3 e
−ik1·y1+ik2·y2−ip1·y3
< 0|T ∗
(
jaAα(y1)j
b
Aβ(y2)j
c
Aγ(y3)j
d
Aδ(0)
)
|0 >conn.
(31)
where s, t, u are the Mandelstam variables,
< 0|adin(p2)V
e
α(y)a
c†
in(p1)|0 >conn.=
iǫdec(p1 + p2)α FV (t)e
−i(p1−p2)·y (32)
is the pion electromagnetic form factor,
i
∫
d4xeiq·x < 0|T ∗
(
Vaα(x)V
b
β(0)
)
|0 >=
δab
(
− gαβq
2 + qαqβ
)
ΠV (q
2) (33)
is the isovector correlation function, and
< 0|adin(p2)σ(y)a
c †
in (p1)|0 >conn.=
δcd FS(t)e
−i(p1−p2)·y (34)
is the scalar form factor. Experimentally, (32-33) are well
described by ρ dominance.
The unknown terms (30-31) may be estimated at low
energies by expanding in 1/fpi. The master equation (21)
then truncates to
δSˆ0
δJ
= −iSˆ0GRJ + iSˆ0
(
1 +GRK
)
πin
= −iSˆ0GAJ + i
(
1 +GAK
)
πinSˆ0 (35)
corresponding to the quadratic action
IQ =
1
2
∫
d4x
(
(∇µπ)a(∇µπ)
a − (a
¯
µπ)a(a
¯µ
π)a
−(m2pi + s)π
aπa
)
+
∫
d4x Jaπa . (36)
In (35-36), s and aaµ enter only through the combination
sˆ = s1 − a
¯µ
a
¯
µ. If we take this to be true for Sˆ0, we ob-
tain a two-parameter fit to pionic data at one-loop level,
which reproduces the KSFR relation [9]. Also, since sˆ
is isospin symmetric, the bulk of the ρ contribution to
ππ scattering at low energies is given by (29) in a model
independent manner.
With (35-36) and the assumption above, the sum (30-
31) is given by
+
i
f4pi
m2piδ
abδcd
(
2t−
5
2
m2pi
)(
cˆ1 + J (t)
)
+
i
4f4pi
(
2δabδcd + δacδbd + δadδbc
)
×
(
t− 2m2pi
)2(
cˆ1 + J (t)
)
+ 2 perm. (37)
whereas (32-33) become
FV (t) = 1 +
1
2f2pi
(
c1t+
t
72π2
+
1
3
(t− 4m2pi)J (t)
)
(38)
ΠV (t) = c1 +
1
72π2
+
1
3
(
1−
4m2pi
t
)
J (t) (39)
where c1 and cˆ1 are the two constants and
J (q2) = −i
∫
d4k
(2π)4
(
1
k2 −m2pi + i0
1
(k − q)2 −m2pi + i0
−
(
1
k2 −m2pi + i0
)2)
=
1
16π2
∫ 1
0
dx
x(1− 2x)q2
x(1− x)q2 −m2pi + i0
. (40)
3
The ρ data gives c1 = 0.035 whereas a fit to the ππ
scattering data [10] leads to seven determinations of cˆ1
16π2cˆ1 =
1024π3
63
f4pi
m4pi
(
a00(exp)− a
0
0(tree)
)
−
14
9
= 8± 5
16π2cˆ1 =
64π3
9
f4pi
m2pi
(
b00(exp)− b
0
0(tree)− b
0
0(rho)
)
−
91
108
= 3± 1
16π2cˆ1 = 320π
3 f4pi
(
a02(exp)− a
0
2(rho)
)
+
73
180
= 2± 1
16π2cˆ1 = 384π
3 f
4
pi
m2pi
(
a11(exp)− a
1
1(tree)− a
1
1(rho)
)
+
1
4
= 2± 5
16π2cˆ1 =
512π3
3
f4pi
m4pi
(
a20(exp)− a
2
0(tree)
)
−
4
3
= 26± 21
16π2cˆ1 =
128π3
3
f4pi
m2pi
(
b20(exp)− b
2
0(tree)− b
2
0(rho)
)
−
35
36
= −1± 2
16π2cˆ1 = 640π
3 f4pi
(
a22(exp)− a
2
2(rho)
)
+
19
90
= 3± 1
(41)
which is seen to be consistent, to the possible exception
of 16π2cˆ1 = −1±2. Here a
I
l and b
I
l stand respectively for
the scattering lengths and range parameters with isospin
I and orbital momentum l.
A comprehensive discussion of the present formulation,
further applications and detailed comparison with previ-
ous work by other authors will be given elsewhere [11].
Extension to SUL(3)× SUR(3) is currently under inves-
tigation.
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